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A mathematical model and numerical algorithm are developed to predict electrode- 
position rates from a 2-0 jet of electrolyte that impinges on a flat surface. The principal 
situations of interest are for applied voltages that produce current densities below the 
limiting current. The motion is assumed to be at high speed with the jet inducing a thin 
laminar boundaly layer on the surface; a progressively thinner concentration layer and 
an electrochemical double layer near the surface are accounted for. Two cases, corre- 
sponding to a submerged and unsubmerged jet, are considered. A boundary integral 
method is used to compute the current density along the plate in a general iterative 
numerical procedure coupled to the solution of the hydrodynamic, concentration and 
electrochemical boundaly layers. The results show that relatively high deposition rates 
occur near the point of impingement and that altering the jet angle relative to the sur- 
face influences local electrodeposition rates significantly. 

Introduction 
In industrial applications of electroplating, selectivity and 

high speed of deposition are usually important criteria. Im- 
pinging jet systems have been of considerable interest for 
some time (see, for example, Alkire and Chen, 1982; Alkire 
and Ju, 1987; Chin and Aganval, 19911, since such configura- 
tions offer the promise of high mass-transfer rates, as well as 
the capability to direct the plating to very specific areas of 
the workpiece. In a typical impinging-jet system, an anode is 
located in the jet nozzle, either as a porous screen or as a 
ring within the nozzle. When a potential difference is applied 
between the anode and the workpiece (the cathode), ions 
contained in the jet solution migrate in the electric field, with 
positively charged ions (cations) being attracted to the cath- 
ode. Electrodeposition occurs when the cations acquire elec- 
trons at the cathode and are thereby plated out of solution. 
At the relatively high applied voltages that are necessary to 
produce limiting current densities, unwanted side reactions 
can occur that have a deleterious effect on the deposited 
metal layer. Thus practical applications of electroplating are 
usually carried out at applied voltages that produce current 
densities below the limiting current. In such situations, the 
electrodeposition process in an impinging jet generally in- 
volves a complex interplay between the applied electric field, 
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the fluid dynamics, and mass-transfer processes near the 
cathode, as well as the electrochemical processes in the dou- 
ble layer immediately adjacent to the cathode (Pickett, 1979; 
Newman, 1991). In the present study, a mathematical formu- 
lation has been developed for electrodeposition from an im- 
pinging two-dimensional (2-D) jet that floods the workpiece. 
Numerical solutions have been obtained for an electrochemi- 
cal solution representative of that used in the electrodeposi- 
tion of gold on metal surfaces. The influence of directing the 
jet at different angles to the workpiece is considered and 
shown to have a significant effect on the distribution of cur- 
rent density at the cathode. 

For an aqueous solution containing a dilute concentration 
of reacting ion, two types of impinging-jet flow may be em- 
ployed. In the unsubmerged case, the jet is directed at the 
workpiece but the liquid jet is surrounded by stagnant air; 
the electrodeposition process is driven in part by the electric 
field, which is then effectively confined within the jet bound- 
aries. In the submerged case, the jet is immersed in the elec- 
trolyte, and in this case the electric field is no longer con- 
strained to be within the jet. Consequently, differences in the 
current density distribution at the cathode can be expected 
for each case and both situations will be considered here. 

Analysis of impinging jet systems (Alkire and Chen, 1982; 
Albery, 19851, is usually based on dividing the flow field into 
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three zones consisting of (1) the free jet region downstream 
of the nozzle; (2) the stagnation region near the point of im- 
pingement; and (3) a “wall jet region” outboard of the stag- 
nation zone. If the jet is supposed to originate from a nozzle 
of width h above the cathode, let U, denote the average jet 
speed at the nozzle, and define a Reynolds number by Re = 

U,h/v, where v is the kinematic viscosity. Because v is gen- 
erally small, typical Reynolds numbers, even for moderate jet 
speeds, are large. A number of treatments of impinging flow 
have been based, in part, on a boundary-layer solution ob- 
tained for the “wall jet region”by Glauert (1956); this analy- 
sis assumes that the volumetric flux in the “wall jet” is small 
so that the mass flux can be entirely accommodated in a thin 
laminar boundary layer along the surface. For analysis of de- 
vices such as the wall-jet electrode (Yamada and Matsuda, 
1973; Alberry, 19851, the assumption of small mass flux may 
be appropriate since the nozzle diameters are typically very 
small. However, in the present study, impinging jet flows hav- 
ing significantly higher volumetric flow rates are considered 
corresponding to situations where the surface is flooded with 
an excess of electrolyte. The Reynolds number Re is still as- 
sumed to be large, but the volumetric flow rate in the jet hU, 
is not assumed to be small and is at least O(1). 

The situations considered correspond to a plane 2-D jet 
directed at the surface at an arbitrary angle 8. Since the volu- 
metric flow rate in the jet is not small, the flow splits at the 
point of impingement and spreads along the surface as an 
effectively inviscid jet with a speed O(U,,) and a width O(h). 
Below the inviscid jet flow, a thin hydrodynamic boundary 
layer develops in order to satisfy the no-slip condition at the 
surface; in this study the boundary layer is assumed to be 
laminar. Furthermore, as the reacting ion is consumed at the 
cathode, a deficiency develops near the cathode, and conse- 
quently a diffusion layer must occur there. Because diffusion 
coefficients for reacting ions in an aqueous solution are usu- 
ally much smaller than the kinematic viscosity of water, the 
diffusion layer is generally much thinner than the hydrody- 
namic layer. Finally, an even thinner electrochemical double 
layer (Pickett, 1979; Newman, 1991) occurs immediately adja- 
cent to the cathode, and it is here where reactions leading to 
electrodeposition take place. At current densities below the 
limiting current, the solution for the electrical potential dis- 
tribution in the jet is coupled in a complex and nonlinear 
manner to processes occurring in the hydrodynamic, diffu- 
sion, and double layers. Some of the basic features of the 
interaction have been described by a number of authors for 
electrodeposition processes occurring in a channel flow with 
electrodes embedded in the walls (Parrish and Newman, 1969; 
Caban and Chapman, 1976; Kim and Walker, 1988). Here a 
more complex geometrical configuration is addressed, with 
boundaries defined by the perimeter of the jet. 

The approach developed here may be applied to a variety 
of electrodeposition processes, but as an example of a spe- 
cific application, the process for electroplating of gold is con- 
sidered; this is carried out extensively in the electronics in- 
dustry because gold is highly resistant to corrosion and pro- 
vides high electrical conductivity. Electroplating of gold can 
be performed from a variety of aqueous solutions containing 
a variety of additives that are known to have various influ- 
ences on the deposited metal layer (see, for example, Cheh 
and Sard, 1971; Bindra et al., 1989), as well as the electro- 
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chemical properties of the solution. In general, the aqueous 
solution contains excess inert electrolyte such as potassium 
and citrate ions, which do not take part in the reaction at 
either electrode, but do migrate within the electric field and 
thereby act to carry the majority of current within the bulk of 
the solution. Gold is generally present in the solution (Cheh 
and Sard, 1971) as the negatively charged ion gold dicyanide 
Au(CN),- and normally may be regarded as a minor ionic 
component since typical concentrations are 0.1 M. As a gold 
dicyanide ion approaches the cathode surface, the intense 
field in the electrochemical double layer acts to promote the 
forward reaction for 

The liberated gold ions are then deposited on the cathode 
according to the reaction 

while the cyanide ions combine with hydrogen in solution to 
form hydrogen cyanide gas. Some evolution of hydrogen gas 
may also occur at the cathode, but this typically only accounts 
for 1% or less of the total current. Although the gold di- 
cyanide is a minor ionic component, the current density near 
the cathode is essentially associated with the reactions in Eq. 
2. Since the gold dicyanide ions are negatively charged, they 
are actually repelled from the cathode by the electric field 
but reach the cathode through a diffusion layer that develops 
due to the concentration difference set up as the gold di- 
cyanide ions are depleted from the reaction 1 near the cath- 
ode. Thus the overall rate of electrodeposition is controlled 
by diffusion. 

At the anode, the reaction 

(3) 4 0 H -  --f 0, t +2H,O +4e 

takes place and results in the evolution of oxygen gas. An 
alternate way to write a portion of this reaction is 

This process carries the current through the electrochemical 
layer near the anode and results in a flow of electrons from 
the solution to the anode. The reaction differs from that at 
the cathode in the sense that the reactants are abundant in 
an aqueous solution; consequently, a diffusion layer does not 
occur near the anode and the current flow across the double 
layer may be modeled using a standard Butler-Volmer rela- 
tion (Pickett, 1979). 

The objective of this article is to develop a method to pre- 
dict electrodeposition rates on an infinite flat surface from a 
2-D impinging jet oriented at different angles to the surface. 
The plan of the article is as follows. First the inviscid solution 
for an impinging thick jet is described. The hydrodynamic 
boundary layer develops outward from the stagnation region 
of the jet, and the solution for this layer is obtained numeri- 
cally. The development of the thinner diffusion layer is con- 
trolled both by the viscous shear associated with the hydrody- 
namic boundary layer above and also by the current flow into 
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Figure 1. Jet impinging on a flat surface at angle 8. 
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the diffusion layer. Numerical solutions are obtained for the 
diffusion layer in a general iterative method, which is cou- 
pled with a numerical solution of the Laplace equation gov- 
erning the potential distribution in the jet and a nonlinear 
current/overpotential relation modeling the current flow 
across the electrochemical double layers. 

lnviscid Flow for an Impinging Jet 
Consider a jet at angle 8 that floods a horizontal flat sur- 

face as depicted in Figure 1. It is convenient to define dimen- 
sionless variables in terms of the jet width h and speed U, far 
from the plate, and in this system the jet has a speed and 
width of unity at infinity. A Cartesian coordinate system ( x , y ) ,  
centered at the stagnation point 0 of the jet on the surface, 
is defined measuring dimensionless distance (with respect to 
h )  and having corresponding dimensionless velocity compo- 
nents (u,u) (with respect to UJ.  It may be noted that the 
streamline that impinges on the stagnation point 0 does not 
generally coincide with the geometrical centerline of the jet, 
and for the configuration shown in Figure 1 with 0 < 8 < r / 2 ,  
more fluid moves to the left along the wall than to the right. 

To describe the fluid motion, a streamfunction # and ve- 
locity potential @ may be defined by 

The complex potential w = Q, + i$ describing the inviscid 
flow associated with the jet may be obtained from results given 
in Milne-Thomson (1962) and, with some changes in nota- 
tion, it can be shown that 

- l o g ( l +  k - " ) - l o g ( l +  fie'')). (6) 

Here fi = II - iu is the dimensionless complex velocity, which 
is given as an implicit function of the complex variable z = x 
+iy by 

where throughout "log"denotes the natural logarithm. Equa- 
tions 6 and 7 define the complex potential o as an implicit 
function of z ,  from which the velocity distribution in the jet 
can be obtained. Note that as indicated in Figure 1,  the jet 
bifurcates at the stagnation point and then (in dimensionless 
variables) accelerates to  uniform jets of unit speed and width 
(1 k cos 8)/2 as x + k m, respectively. 

Two features of the inviscid jet solution are needed, namely: 
(1) the equation of the jet boundary, and ( 2 )  the tangential 
velocity U,(x) induced by the jet near the surface. The latter 
quantity is obtained by taking the limit y + 0 in Eq. 7, for 
which z + x and Li + U,(x), and it is easily shown that 

This transcendental equation implicitly defines U, as a func- 
tion of x .  For a given value of x, Eq. 8 may be solved numer- 
ically for U, and distributions for various jet angles 8 are 
shown in Figure 2. Note that U, -+ respec- 
tively, and that near the stagnation point, 

1 as x --f 

where u ,  = r / (4sin2 0). Consequently, as the jet angle 8 de- 
creases, the variation in U, becomes progressively more in- 
tense near the stagnation point, as shown in Figure 2. 

-1.50 
-5.0 -2.5 0.0 2.5 

X 
.o 

Figure 2. Mainstream velocity distribution near the sur- 
face for jet angles: (1) 8 = 90"; (2) 8 = 60"; (3) 
8 = 450; (4) 8 = 30". 
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The equation of the jet boundary is obtained by noting that 
along the free streamlines the flow speed is constant, and in 
dimensionless variables the complex velocity is 6 = CiY, 
where y is a variable denoting the angle the velocity vector 
makes with the horizontal. Substitution in Eq. 7 yields para- 
metric equations for the jet boundary according to 

T X  = ( 8  - r6)s in  8 + (1 +cos 8 )  log I cos(y/2) I - (1 -cos 8 )  

Here 6 = 0 if y 2 8 - 7r and 6 = 1 if y < 8 - 7r .  Along the jet 
boundary to the left in Figure 1, the angle y varies from 
y = - r as x -+ --m to y = - 0; on the jet boundary to the 
right y varies from y = - 8 to y = 0 as x 4 0 0 .  

The Hydrodynamic Boundary Layer 
The situations of interest here correspond to high-speed 

flow in the sense that Re = U,h/v is assumed to be large; in 
such circumstances, the tangential velocity induced by the jet 
is reduced to relative rest on the plate through a thin hydro- 
dynamic boundary layer below the jet. The boundary layer is 
assumed to be laminar with thickness O(Re-’p) and is 
therefore described by the scaled variables. 

u = Re-’pZ, y = Re- I,!I = Re- ’pq,  (12) 

where the streamfunction rC, is defined in Eq. 5. The 2-D 
boundary-layer equations may then be written 

du au dU, a 2 U  du d o  
u - + b - = u, - + - - + - = O ,  (13) 

ax dY dx d Y 2 ’  d x  dY 

with boundary conditions 

u(x,O) = 6 ( x , O )  =0 ,  u + U,(x )  as y 3 - m .  (14) 

The boundary layer is very thin with respect to the vertical 
dimensions of the jet and originates at the stagnation point 0 
shown in Figure 1. To calculate the boundary-layer solution, 
it is convenient to introduce the Levy-Lees transformation 
(Cebeci and Smith, 1974, p. 260) according to 

Since u = dur/aY and 6 = - d q / d x ,  it may be easily shown 
that system 13 becomes 

394 

with 

and the pressure gradient parameter q ( 5 )  is defined by 

The boundary-layer flow develops in the k 5 directions away 
from the stagnation point at 5 = 0. Using Eq. 9, it is easily 
shown that q + 1 as 5 + 0; consequently, Eq. 16 reduces to a 
Falkner-Skan equation, viz., 

f ” ’ + f S ’ + l - f ’ Z = O ,  (19) 

describing the initial velocity profile at the stagnation point 
0; here the primes denote differentiation with respect to q. 

The solution of the system (Eqs. 16 and 17) may easily be 
constructed for a given jet angle 8 by first calculating the 
stagnation point profile described by Eq. 19. A boundary- 
value procedure was used (Werle and Davis, 1972; Walker 
and Weigand, 1979) using typically 150 points across the 
boundary layer and applying the last of conditions 17 at q = 10 
as an approximation. A number of mesh sizes were used as a 
check on the accuracy and the presented results are believed 
to be grid independent. A Crank-Nicholson method (Werle 
and Davis, 1972; Smith, 1985) was then used to construct the 
boundary-layer solution for both 5 > 0 and 5 < 0 by march- 
ing away from the stagnation point. A typical value A t  = 
0.0004 for the mesh size in the 5 direction was used in the 
vicinity of the stagnation point because of the intense varia- 
tion of the solution there, especially for decreasing 8. Larger 
values of A t  could then be used with good accuracy at loca- 
tions remote from the impingement zone. 

Calculated values of the dimensionless wall shear stress P ,  
defined by 

are shown in Figure 3 for various jet angles. As 5 + *a, the 
jet returns to a uniform flow and the shear stress must ap- 
proach the Blasius solution for a flat-plate boundary layer 
(White, 19921, viz., 

where Prn = 0.332. As shown in Figure 3, the shear stress 
rapidly approaches the Blasius asymptotic forms 21 outside 
the immediate vicinity of the impingement zone. As antici- 
pated from Eq. 9, the variation in shear stress becomes pro- 
gressively more intense near 0 as the jet angle 8 is decreased; 
in fact, it is easily shown that 
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Figure 3. Dimensionless surface shear stress for jet an- 
gles: (1) 8 = go"; (2) 8 = 60"; (3) 8 = 450; (4) 
8 = 30"; ----- Blasius solution. 

where the constant Po = 1.2326a:fl and al  = .rr/(4sin28). This 
trend has important consequences since the shear imposed 
on the concentration layer has a strong influence on the mass 
transfer at the surface. 

Diffusion Layer 
For a dilute solution, incompressible liquid containing M 

ionic species, conservation of species requires (Pickett, 1979) 

Z.FD. 
RT (v" *V)c j  = DjV2cj + a V - ( c j V + * ) ,  j = 1,2 ,  . . ., M ,  

(23) 

where cj,  D,, and Z j  are the concentration, diffusion coeffi- 
cient, and valence of the jth ionic species; in addition, F is 
Faraday's constant, R is the gas constant, T is the tempera- 
ture, v* is the dimensional solution velocity vector, +* is the 
potential distribution, and V is the 2-D gradient operator. 
The electrodeposition process is driven by an applied poten- 
tial difference between the anode and the flat plate, which is 
assumed to be the cathode at zero potential. Electrochemical 
solutions often contain supporting electrolyte consisting of a 
variety of ionic species that do not take part in the reaction 
at the cathode. These ions are referred to as excess elec- 
trolyte; they serve to enhance the solution conductivity and 
carry the current flow in the bulk of the fluid via a process of 
migration in the electric field. In this study, it is assumed 
there is one reacting ion that has a uniform but small concen- 
tration clZ within the jet; this ion is Au(CN),- for the elec- 
trodeposition of gold from an aqueous solution and may be 
considered a minor ionic component. Under such circum- 
stances, migration in the diffusion layer can be neglected 
(Newman, 1967, 1991). Since the concentration of the react- 
ing ion is depleted near the cathode as a consequence of the 
reaction, a concentration gradient develops and gives rise to 
mass transfer near the electrode. In a typical aqueous solu- 
tion at room temperature, the kinematic viscosity v = 1 x lo-' 
cm2/s, while values of the diffusion coefficient D ,  are usually 
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much smaller (Alkire and Chen. 1982) and on the order of 
10-5cm2/s. Thus the Schmidt number Sc = u/Dl is typically 
large, and the mass transfer takes place in a diffusion layer, 
which is thin with respect to the hydrodynamic boundary 
layer. Consequently, for Sc x=- 1 the velocity distribution in 
the diffusion layer is described by the solution of Eq. 16 eval- 
uated for small Y according to 

Y2 
2 

u = P ( x ) Y +  ... , U = - p ' ( x > - +  +... , as Y+O, 

(24) 

where P is calculated from Eq. 20. Using Eq. 12 and intro- 
ducing scaled dimensionless variables for the diffusion layer 
by 

it may easily be confirmed that Eq. 23 reduces to 

dc d 2 C  

dy dy2 '  
P p - p Y  dc r - 2 -  - = _  

d X  
(26) 

to leading order for Sc B 1, when the effects of migration are 
negligible in the diffusion layer. Thus the principal balance 
occurs between the convective terms in Eq. 23 and diffusion 
normal to the wall. One boundary condition for Eq. 26 ex- 
presses the fact that c1 must return to the bulk value elm at 
the outer edge of the diffusion layer, viz., 

A second condition at J = 0 must be obtained through con- 
sideration of conservation of ionic flux near the surface. 

As a useful basis of comparison, consider first the limiting 
current distribution, which occurs when the applied potential 
is sufficiently large so that the reacting ions are immediately 
consumed upon arriving at the inner edge of the diffusion 
layer, viz., 

Introducing the transformations due to Lighthill (1950) (see 
also Acrivos (1960)) 

where 

it may be easily confirmed that Eq. 26 becomes 
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The solution satisfying conditions 27 and 28 is 

where clim denotes the concentration distribution at the lim- 
iting current and r(4/3) = 0.8929 . . . is the gamma function. 

Since Re is large, the thicknesses of the hydrodynamical 
and diffusion layers are very small on the scale of the bulk 
flow in the jet. Within the jet, the current density i is due to 
migration of ions in the electric field and is carried princi- 
pally by the supporting electrolyte. Just outside the hydrody- 
namic boundary layer, i is given by 

(33) 

where u is the solution conductivity and the factor h results 
from the nondimensionalization of y .  Nearer the surface and 
at the base of the concentration layer, the current is due to 
mass transfer of the reacting ion (to leading order) and is 
given by (Pickett, 1979) 

D , Z , F  d c ,  
1 = - - -  (34) 

Introducing the dimensionless variables defined in Eq. 25, it 
follows that 

where I ,  is a representative current density defined by 

(35) 

(36) 

From Eq. 32 the limiting current distribution is given by 

and three features are worthy of note. First, the increasingly 
intense variation of the wall shear P in the impingement zone 
(Figure 3) for decreasing angles 0 implies a similar behavior 
in ilim(x). Second, it follows from Eqs. 22 and 30 that near 
the stagnation point 

Thus relatively higher levels of limiting current occur near 0 
with decreasing jet angles 0 since /3, then increases. Last, it 
follows from Eq. 21 that far from the impingement zone 
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Figure 4. Computational domain. 

and consequently the limiting current decays very slowly with 
distance from the origin. These general characteristics will 
subsequently be illustrated in Figure 5. 

The high applied potential differences needed to produce 
electrodeposition rates near the limiting current also tend to 
induce unwanted side reactions, and for this reason typical 
electroplating cells are operated at lower voltages. Within 
these ranges, the solution of the diffusion layer is coupled to 
the potential distribution outside the boundary layers, since 
the current density just outside the concentration layer given 
by Eq. 33 must balance that given by Eq. 35 into the electro- 
chemical double layer. Defining a dimensionless potential $I 
by 

it follows that the boundary condition for the concentration 
near the surface is 

(41) 

1 

0.0 i 
-5.0 -2.5 0.0 25 

X 
0 

Figure 5. Limiting current distribution on the cathode for 
Re=104 and for (1) 8 =go"; (2) 6) =6o"; (3) 
e = 459; (4) e = 30". 
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Here I ( x )  is a dimensionless current related to the potential 
gradient near the surface by 

(42) 

where the dimensionless parameter Q is defined by 

For a given applied potential, the dimensionless current Z(x) 
along the plate is unknown and must be found in a general 
iterative numerical scheme, involving computation of the po- 
tential 4 is the bulk flow and, in particular, the flux in Eq. 
42. The procedure for evaluating C#I is described in the next 
section; here it is assumed that an estimate of the distribu- 
tion of I ( x )  is available from a previous iteration, and the 
objective is to calculate a solution of Eq. 26 subject to condi- 
tions 27 and 41. The important result obtained from this cal- 
culation is the dimensionless surface concentration of the re- 
acting ion, subsequently denoted as c , (x )  = c(x,O). 

The diffusion layer also originates at the stagnation point 
0 and since p --+ 0 as x -+ 0, Eq. 26 reduces to the ordinary 
differential equation 

d2c 1 dc 

d j 2  2 Cty 
- + - p p , j 2 - = o .  (44) 

The solution of this equation satisfying conditions 27 and 41 
is 

where I (0)  denotes the value of the dimensionless current at 
the stagnation point. At the wall, the surface concentration at 
the stagnation point 0 is 

(46) 

Note that Z(0) is not known a priori and must be found in a 
general iterative scheme described in the next section. For 
relatively low levels of applied potential, Z(0) is small and the 
surface concentration is close to one; however, with increas- 
ing applied potential, I(0) increases and the concentration of 
the reacting ion is significantly reduced near the electrode. It 
is noted in passing that the limiting current at the stagnation 
point itself is reached when c, = 0. For a normal jet (0  = 7r/2), 
the minimum concentration and maximum current density 
both occur at x = 0, and the maximum dimensionless current 
density follows from Eq. 47 and is Z(0) = 0.5856. 

To compute the surface concentration for all x ,  it is neces- 
sary to initiate a numerical integration of Eq. 26 in the direc- 
tions of both positive and negative x .  For a given jet angle, 
the shear stress distribution P ( x )  is known from the hydrody- 
namic boundary-layer calculations and an estimate of I ( x )  is 
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assumed to be available from a previous iteration; note that 
some care is necessary in selecting the initial guess for I ( x )  
to ensure that a negative value of c, is not obtained at x = 0. 
The solution may then be constructed in a step-by-step man- 
ner using a Crank-Nicolson method with second-order accu- 
rate central differencing for both Eq. 26 and the derivative 
boundary condition 41. In a typical calculation, 150 points 
were used across the diffusion layer and condition 27 was 
applied at j = 10 as an approximation. The streamwise varia- 
tion of the ionic concentration near 0 can be intense, and 
small mesh sizes in A x  are necessary to ensure a smooth and 
grid-independent solution; typical values of A x  used for the 
diffusion layer were ten times smaller than in the hydrody- 
namic boundary-layer calculation. Discussion of specific re- 
sults will follow subsequently. 

Evaluation of the Potential 
In the bulk flow in the jet, the potential 4 satisfies the 

Laplace equation V2+ = 0. The present configuration is shown 
in Figure 4 where an anode, of dimensionless length h and 
oriented perpendicular to the flow of the jet, is at a dimen- 
sionless distance H from the plate. The length scale used to 
nondimensionalize the equations is based upon the inviscid 
solution for the jet thickness at a large distance from the sur- 
face; thus the dimensionless anode length h is somewhat 
larger than one, and as H increases, h decreases monotoni- 
cally to unity. The anode may be considered to be part of the 
jet nozzle and/or a screen through which the jet flows. At 
both the anode and cathode, a jump in potential occurs across 
a thin electrochemical double layer, and kinetic relations are 
required to relate these jumps in potential to the current flow 
across the double layers. 

Since a concentration layer occurs on the cathode, the ki- 
netic relation must reflect the change in concentration (from 
the bulk value) near the cathode. The current/overpotential 
relation used in the present study at the cathode is of the 
form (see, for example, Pickett, 1979) 

Here n* denotes the outward normal direction to the compu- 
tational boundary, which is shown as a broken line in Figure 
4; in addition, a, iz, and 2, are the transfer coefficient, ex- 
change current density, and number of electrons exchanged 
in the reaction at the cathode, all of which are characteristic 
of the electroplating cell; q’ is the total overpotential defined 
by 7’ = - 4*(x,0f), since the cathode itself is assumed at 
zero potential. Here C#I*(x,O+) denotes the potential in solu- 
tion just outside the diffusion layer on the cathode. Introduc- 
ing a dimensionless distance n = n*/h and the dimensionless 
potential 4 in Eq. 40, Eq. 47 may be written in the form 

where io is a dimensionless exchange current density at the 
cathode defined by i ,  = (i:hZ, F/uRT). Here y measures di- 
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mensionless distance away from the cathode and n toward it. 
It should be emphasized that 7’ denotes the total overpoten- 
tial in the kinetic relation 47, which is one of a class of for- 
mulas that can be used to model current flow across the dou- 
ble layer Wetter, 1967; Pickett, 1979; Newman, 1991). New- 
man (1991) prefers to split the total overpotential into a sur- 
face and concentration overpotential, and uses a kinetic rela- 
tion that is slightly different from Eq. 47. Note however that 
the kinetic relation utilized by Parrish and Newman (19691, 
for example, reduces to formula 47 for a situation having zero 
transference number for the reacting ion. 

The electrodeposition of gold from an aqueous solution in- 
volves the evolution of oxygen gas at the anode, and since the 
reactant is plentiful, the current/overpotential relation may 
be modeled by a standard Butler-Volmer relation (Pickett, 
1979; Newman, 1991), which in dimensionless variables is of 
the form 

where 

Here 6 ,  2, and 2 are the transfer coefficient, number of 
electrons exchanged in the reaction, and exchange current 
density at the anode, respectively. In addition, 17) is the total 
dimensionless overpotential at the anode defined by ;I’ = I/ - 
4(x,Of), where V = V&,Z, F/RT is the total dimensionless 
applied potential (between anode and cathode), and +(x,0+ ) 
denotes the dimensionless potential in solution just outside 
the electrochemica1 double layer on the anode. 

It is convenient to use the boundary integral method to 
solve the potential problem, since the geometrical domain 
shown in Figure 4 is complicated, and the principal interest is 
in the current distribution just outside each electrode (as op- 
posed to within the jet itself). A solution of Laplace’s equa- 
tion satisfies the following integral equation (Jaswon and 
Symm, 1977). 

where C is the curve bounding the computational domain in 
Figure 4 and (n i ,y i )  is any point on that curve. The computa- 
tional domain depends on whether the jet is submerged or 
unsubmerged. In both cases the curve C passes just outside 
the double layers on the electrodes and also crosses the jet 
normal to the flow direction. For the unsubmerged jet, C 
passes along the upper boundaries of the jet while the bro- 
ken line shown in Figure 4 was used for C in the submerged 
case. In Eq. 51, r denotes the distance from ( x i , y i >  to any 
point on C and s measures distance in a counterclockwise 
direction along C. 

The classic boundary integral method was used to solve 
Eq. 51, wherein the curve C is discretized by selecting a fi- 
nite number of N points along C to represent the computa- 
tional boundary by a total of N segments. In this method, + 
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and the normal derivative $+,On (subsequently denoted by 
c$’) are taken constant along the j th  segment and equal to 
their values at the segment midpoint. This leads to a system 
of equations of the form (Jaswon and Symm, 1977): 

A j j 4  + Bil+; = 0 ,  i = 1, 2 ,  ... , n ,  (52 )  

obtained by collocating the approximations to Eq. 51 at the 
midpoint of each segment. Note that the repeated indices in 
Eq. 52 imply a summation over all segments. The matrices 
A i j  and Bij depend only on the geometry and have the com- 
ponents 

- c(1og b - 1) + a$i; sin p j ,  (53 )  

where 6ij is the Kronecker delta; a, b, and c denote the 
magnitude of the vectors 

with rj being the radius vector to the jth nodal point on C. 
The angles $$ and p,; are given by 

a - c  , *;=cos-l{z). a . b  (55) 
pi; = cos - I (  ---I 

It is evident that the matrices A , ,  and B,, depend only on 
the geometry considered. 

The sct of Eqs. 52 defines N relations between the +] and 
4;. Along the jet boundary 6; = 0 and + is unknown while 
the nonlinear relations 48 and 49 must be satisfied along the 
electrodes. It follows that Eq. 5 2  may be rewritten as 

where g(4 j )  denotes either the right side of either of Eqs. 48 
or 49 and is zero along the jet boundary. The nonlinear sys- 
tem (Eq. 56) may be written in vector form as F( 4) = 0, 
where Fi = Aij+j + Bijg(4 j ) ,  and a Newton-Raphson method 
with damping was found to be an effective means to solve 
this system. The Jacobian matrix I ( & )  has components Ji j  = 
d F i / d ~ j ,  and from Eqs. 48 and 49 

for i, j = 1, 2, . . . , N ,  where 

g’ = - i,{ a c , ( x )  exp ( a+j) + (1 - a 1 exp [ - (1 - a )4,11, 

(58) 

for values of j associated with the cathode. For points on the 
anode, i, and a are replaced by their counterparts Lo and E ,  
c ,  is set equal to one, and 4j is replaced by V -  4j in Eq. 58; 
on the jet boundary g’ = 0, note that a term involving dc,/&$ 
is omitted in Eq. 58 as an approximation, since it is difficult 
to evaluate and, in addition, during an iterative cycle for the 

Vol. 42, No. 2 AIChE Journal 



solution of the Laplace equation, the distribution of c,(x) 
was held fixed. 

The objective in the Newton-Raphson algorithm is to force 
the components of F ( 4 )  to approach zero, and this was done 
iteratively starting from an initial guess for the by succes- 
sively recalculating 4 according to 

(59) 

where the superscript k denotes the iteration number and 
J;' is the inverse of the Jacobian matrix. Note that in some 
circumstances, particularly for cases near the limiting cur- 
rent, the step predicted by Eq. 59 may be too large and diver- 
gence of the scheme can occur. In such situations, it is neces- 
sary to insert a factor E in front of the second term on the 
right side of Eq. 59, where 0 < E < 1; this process is known as 
damping and acts to restrict the step length to avoid diver- 
gence at any stage of the iteration. Once a new iterate for the 
potential distribution along the plate is obtained from Eq. 59, 
the concentration problem, described in the previous section, 
must be computed again to obtain a new iterate for c,(x). 
Typically twenty global iterations were required to obtain 
convergence in r& and c,(x> to five significant figures. 

The classic method is the simplest of a class of 2-D bound- 
ary element methods, but is known to produce oscillations in 
the flux near corners of the boundary contour. Improved 
methods for dealing with corners have recently been de- 
scribed by Gray and Manne (1993) and Gray (1994). In pre- 
sent configuration, corners occur where the contour cuts the 
jet and where the fluxes are generally small. Since the cor- 
ners are far from the impingement zone, the influence of any 
deficiencies in the classic method are not believed to be sig- 
nificant for the calculated results near 0. 

Calculated Results 
The electrodeposition problem formulated in this study 

contains six independent dimensionless parameters, namely, 
the Reynolds number Re, the Schmidt number Sc, the di- 
mensionless parameters Q, i,, and f, and the dimensionless 
distance from the surface of the anode (shown in Figure 4). 
Provided H is O(1) or larger, the direct influence of the an- 
ode and the reaction that occurs there is not particularly sig- 
nificant; insofar as the reaction at the cathode is concerned, 
the anode is a distant source of positive potential. Of the 
remaining parameters, the dimensionless exchange current 
density i, is mainly dependent on the electrolyte and the 
specific reaction at the electrode, while Q depends on both 
the electrolyte and the flow and mass-transfer processes. For 
the present theory to apply, both Re and Sc must be large. 
Calculations were carried out for a number of different cases; 
the results described in this section are based on the parame- 
ters listed in Table 1, which are believed to be representative 
of those associated with electrodeposition of gold from a ci- 
trate bath (Kim and Walker, 1988); the value of the dimen- 
sionless exchange current density at the cathode is fixed at 
i ,  = 6.7 X 

It follows from Table 1 that Sc = 833 while Re = lo4 and 
Q = 0.026. Calculated results for the limiting current distribu- 
tions in Eq. 37 are shown in Figure 5 for various jet angles. 
Here and in subsequent figures, the magnitude of the current 

for all calculations. 
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Table 1. Parameters Associated with Gold Electrodeposition 

Kinetic Parameters - CY i: ( A/cm2 ) z 
Cathode 0.406 2.066 X 1 
Anode 0.113 8 . 5 7 8 ~  lo-' 2 

Diffusion coefficient D ,  = 1 . 2 ~  I O - ~ C ~ ~ / S  
Solution temperature T =298 K 
Solution conductivity (T =0.122 R-' .cm-'  
Solution density 
Kinematic viscosity v = 0.01 cm2/s 
Jet width h = l c m  
Jet speed U, =lOOcm/s 
Gold dicyanide concentration c,, = 1 x 1 0 - ~  moI/cm3 

p = 0.997 g - ~ r n - ~  

is plotted. Note that the maximum current density levels in- 
crease near 0 with decreasing jet angle, while the distribu- 
tion of i becomes more concentrated in the region of the 
stagnation point. This behavior is directly associated with the 
increased magnitude and concentrated nature of the dimen- 
sionless shear stress p shown in Figure 3 that occurs near the 
impingement point for decreasing 0. It is also evident from 
Eq. 36 and 37 that increasing values of the Reynolds number 
Re gives an increased level of limiting current, since i,,, is 
proportional to Re'fl; this behavior is in agreement with the 
experiments of Chin and Aganval (1991). 

Results were calculated for various values of Re but only 
those for Re = lo4 will be shown; these are broadly the same 
as those for larger Re. In practice, for the configuration shown 
in Figure 1, Re may be increased by increasing the jet speed 
U, for a fixed jet width, since the properties v and D ,  are 
essentially constant for a given solution. The present theory 
applies only for large Re. 

The flux of reacting ion within the jet is O(U,c,,), while 
the current at the surface is O ( l J ,  as shown in Eq. 35. 
Therefore at any station x along the wall, the percentage de- 
pletion d of the reacting ion has 

and, consequently, d -+ 0 for Re .+ ~0 and Sc >> 1; thus the 
concentration of the reacting ion remains constant within the 
jet provided Re % 1. Once Re is sufficiently large, the distri- 
bution of computed results for i/l, was found to be essen- 
tially the same, indicating an independence of Re (although 
actual levels of i continually increase with Re). 

Calculated results for the current density distribution on 
the plate and the surface concentration of the reacting ion 
are shown in Figure 6 for an unsubmerged jet that is directed 
normal to the surface. The current density is largest immedi- 
ately beneath the anode as expected; however, a region of 
significant current density occurs outside the horizontal ex- 
tent of the anode (which is just greater than one unit). A 
typical characteristic of this type of system is that relatively 
little current flows until the applied potential is sufficiently 
large so that the potential just outside the double layer on 
the cathode is large enough to overcome the small value of i, 
in Eq. 48. Then, over a relatively narrow range of applied 
potential V,  there is a current flow that soon approaches lev- 
els close to the limiting current near the origin. The corre- 
sponding calculated results for surface concentration are 
shown in Figure 6b. At very low values of V, c,(O) is almost 
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Figure 6. (a) Current density distribution on the cath- 
ode for an unsubmerged normal jet ( H  = 1, Re 
= lo4); calculated curves are for V = 1.2 (0.1) 
1.8; and ----- denotes the limiting current. (b) 
Surface concentration for V = 1.2 (0.1) 1.8. 

unity, but with increasing V,  the concentration of the react- 
ing ion is progressively depleted under the anode. Finally, at 
V =  1.8, the limiting current is almost achieved at x = 0. It 
may be noted that because negative values of c ,  are not pos- 
sible, c, was arbitrarily set equal to 0.001 whenever a nega- 
tive value of c, (x )  was produced in the iterative scheme, since 
it is not feasible to introduce a value of c ,  identically zero on 
the right side of Eq. 48. At higher values of V,  the numerical 
scheme then produces a distribution of c,(x), which has an 
increasing region (centered on x = 0) of values close to zero. 

It is necessary to terminate the calculations at some large 
finite value of x, denoted here as x = & R. As shown in Fig- 
ure 4, the computational boundary C cuts the jet at x = * R, 
and on this portion of C, the normal derivative of potential 
was assumed to vanish as an approximation (4' = = 0). In 
principle, two physical situations may be imagined, one in 
which the cathode is infinite in extent and one where the 
cathode has a finite extent of 2R; for either situation, taking 
#' = 0 on the portion of C cutting the jet is an approxima- 
tion, although this condition is somewhat more realistic in 
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the latter case. Recently Novy et al. (1991) have evaluated 
various types of outflow conditions and conclude that a 
Robins-type condition (involving 4 and 4') gives the best re- 
sults; such a condition was not developed in the present study 
but might prove useful in future work. For the case of an 
infinitely long cathode, it is difficult to obtain solutions that 
are completely independent of R because, although both i 
and 4 approach zero for large x ,  the decay is very slow (cf. 
Eq. 39). Calculated results for a cathode 100 units long are 
shown in Figure 7 for the same applied voltages depicted in 
Figure 6, where the cathode is twenty units long; note that 
the scale of the two sets of figures is different, but also that 
the distributions of current density and surface concentration 
are actually very similar, showing the same type of trends. 
Because of the strongly global interactive nature of the calcu- 
lation, some dependence on the position of the outer compu- 
tational boundaries at x = +- R must be accepted in the re- 
sults. It can be noted in Figure 7b that c ,  .+ 1 as 1 x 1 + for 
large x for all applied voltages, but that c , ~  = 1 is not achieved 
at x = C R. Calculations were also carried out for larger val- 

24.0r----- 16.0 

0. 

1.20 

0.00 
-50. -25 0. 25. 50 

X 

(b) 
Figure 7. (a) Current density distribution on the cath- 

ode for an unsubmerged normal jet ( N  = 1, Re 
= lo4); calculated curves are for V = 1.3 (0.1) 
1.8 for R = 50. (b) Concentration distribution 
for V=1.3 (0.1) 1.8. 
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Figure 8. Current density distribution on the cathode for 
an unsubmerged normal jet (H = 2, Re = lo4); 
calculated curves are for V = 1.3 (0.1) 1.8 and 
----- denotes the limiting current. 

ues of R,  and a general trend is that c, continually increases 
toward unity at x = k R. However, the asymptotic approach 
to 1 is very slow for large x for any given applied voltage. 
Because it is necessary to invert a full matrix in the boundary 
element method, as well as maintain a large number of points 
in the impingement zone (for good accuracy there), it is gen- 
erally not viable to carry out solutions for extremely large 
values of R. In a calculation on a modern workstation, about 
400 points around the computational boundary is feasible, and 
generally over half of the points should be devoted to the 
cathode in a nonuniform mesh with nodes clustered near 0. 

In Figure 8, the influence of moving the anode further from 
the wall is depicted. The calculated distributions of current 
density are quite similar to those shown in Figure 6a. Close 
comparison of these figures shows that the current density is 
generally lower for increased H at a given applied voltage. 
Results for surface concentration are not shown, but are sim- 
ilar to those shown in Figure 6b, except that the limiting cur- 
rent has not quite been achieved for V =  1.8. 

Calculated results for a submerged normal jet are shown in 
Figure 9. A comparison with Figure 6 shows that the current 
density distributions are similar for both the submerged and 
unsubmerged jets. However, for the unsubmerged jet, the 
current levels for a given V are higher in the impingement 
zone near 0 and lower for larger values of x .  Consequently, 
the unsubmerged jet is somewhat preferable when selectivity 
is important, since it acts to concentrate the electrodeposi- 
tion in the impingement zone. Note from Figure 9a and 9b 
that the limiting current is reached around I/ = 1.8 almost all 
along the cathode rather than just near x = 0 as in Figure 6 
for the unsubmerged jet. This general type of behavior was 
found for all cases of submerged jets considered. Since the 
results are not dramatically different from those obtained for 
unsubmerged jets, the submerged case will not be considered 
further. It is noted in passing that the computational domain 
for the submerged case is very simple (Figure 4), and thus 
computations for the submerged jet are much easier to per- 
form. 

Now consider the influence of directing the jet at an angle 
6 to the surface as depicted in Figure 1. Calculated results 
for angles of 60", 45", and 30" are shown in Figures 10 through 
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12, respectively. It may be seen that as the jet angle 0 is 
decreased, the current density levels near x = 0 increase for a 
given applied voltage, and in addition, the region of high cur- 
rent levels becomes more sharply focused near 0. Outboard 
of the impingement zone, higher levels of current density are 
also achieved on the surface in front of the jet as opposed to 
the region behind it, and at V =  1.8, the limiting current is 
almost achieved in front of the jet. This behavior can also be 
seen in the surface concentration distributions. 

Discussion 
In the present study, the problem of electrodeposition from 

an impinging jet has been considered. The present results are 
broadly consistent with trends observed in various experi- 
mental studies of heat transfer (Goldstein and Franchett, 
1988), mass transfer (Sparrow and hvell ,  1980), and elec- 
trodeposition (Alkire and Chen, 1982; Alkire and Ju, 1987; 
Chin and Aganval, 1991) on a surface near an impinging jet. 
It should be noted that there are differences in the transport 
processes in the studies just listed, as well as similarities; in 
addition, the preceding electrodeposition experiments were 
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Figure 9. (a) Current density distribution on the cath- 

ode for a submerged normal jet (H = 1, Re = 
lo4); calculated curves are for V = 1.2 (0.1) 1.8 
and ----- denotes the limiting current. (b) Sur- 
face concentration for V = 1.2 (0.1) 1.8. 
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Figure 10. (a) Current density distribution on the cath- 
ode for an unsubmerged jet at an angle 8 = 

60" ( H  = 1, Re = lo4); calculated curves are 
for V = 1.3 (0.1) 1.8 and ----- denotes the lim- 
iting current. (b) Surface concentration for 
V = 1.3 (0.1) 1.8. 
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Figure 11. Current density distribution on the cathode 
for an unsubmerged jet at an angle 8 = 45" 
( H  = 1, Re = lo4);  calculated curves are for 
V = 1.3 (0.1) 1.8 and ----- denotes the limiting 
circuit. 
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Figure 12. (a) Current density distribution on the cath- 
ode for an unsubmerged jet at an angle 8 = 
30" ( H  = 1, Re = lo4); calculated curves are 
for V = 1.3 (0.1) 1.8 and ----- denotes the lim- 
iting current. (b) Surface concentration for 
V=1.3 (0.1) 1.8. 

generally carried out near the limiting current, while a major 
focus of the present study is associated with applied voltages 
that produce current distributions below the limiting current. 
Nevertheless some general conclusions can be drawn. First, 
the current density distributions on the cathode are similar 
for unsubmerged and submerged jets. However, the unsub- 
merged jet gives somewhat higher current levels near the im- 
pingement zone, in agreement with the experiments of Alkire 
and Ju (1987). At the same time, current levels outside the 
impingement zone are somewhat lower for an unsubmerged 
jet and, consequently, this configuration is preferable in situ- 
ations where selectivity is important. Second, moving the an- 
ode closer to the surface results in high current densities in 
the impingement zone but, as noted by Alkire and Ju (1987), 
the influence of moving the nozzle further away from the sur- 
face is weak. Third, as is evident from Eqs. 36 and 37, an 
increase in Reynolds number results in an increase in the 
current at the surface, in agreement with the trends in the 
experiments of Chin and Aganval (1991). 
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Now consider the question of the orientation of the jet rel- 
ative to the surface. As shown in Figures 6 and 8, the normal 
jet produces a current density that is almost uniform near the 
limiting current in a concentrated band near the point of im- 
pingement. By orienting the jet at an angle, the most signifi- 
cant current levels are concentrated in a progressively nar- 
rower band in the impingement zone. The maximum current 
level occurs in the lee of the jet; this behavior has clearly 
been observed in the mass-transfer experiments of Sparrow 
and Lovell (1980) and Chin and Aganval (19911, as well as 
the heat-transfer experiments of Goldstein and Franchett 
(1988). The streamwise narrowing of the zone of high surface 
flux with decreasing jet angle is also evident in the experi- 
ments of Chin and Aganval (1991), and especially so in those 
of Goldstein and Franchett (1988). When the jet is oriented 
at an angle, the high electrodeposition rates in a relatively 
narrow region are reflective of the behavior of the viscous 
shear near the surface. In such situations, the variation in the 
mainstream velocity outside the boundary layer is very in- 
tense near the impingement point as shown in Figure 2; this 
results in a sharp variation in the shear stress near impinge- 
ment, especially in the lee of the jet, as shown in Figure 3. 
Relatively high values of shear stress then give rise to en- 
hanced levels of electrodeposition. As shown in Figure 5 for 
the limiting current, as well as in Figures 10-12 for the cur- 
rent distributions, the peak values of the current increase with 
decreasing jet angle 8. This phenomenon can be observed in 
the experimental results of Goldstein and Franchett (1988) 
and Chin and Agarwal (1991) as 6 decreases from 90” to- 
ward 45”. It may be noted that the trend does not seem to 
continue in the experimental results as 8 decreases to still 
lower values. However, as indicated in Figure 5, the region of 
high surface flux becomes concentrated in a progressively 
narrower streamwise band as 8 decreases. For this reason 
the maximum flux may be very difficult to determine accu- 
rately in experiments unless measurements are carried out 
with very high spatial resolution near the impingement zone. 
Of course, it is not possible to increase the sharpness of the 
effective plating zone indefinitely by continually decreasing 
8. For small 8, the width of the wall jet to the right in Figure 
1 eventually approaches zero, and the present theory does 
not apply. The present calculations indicate that selective 
plating can be carried out over a relatively narrow band on 
the cathode when the jet is oriented at moderate angles to 
the surface. 

Finally, it may be noted that in many situations (see, for 
example, Chin and Agarwal, 1991) the jet and boundary layer 
downstream of the impingement zone become turbulent; this 
phenomenon gives rise to sharp local increases in the Sher- 
wood number (Chin and Agarwal, 1991) outboard of the im- 
pingement zone. Turbulence is not accounted for in the pre- 
sent formulation, and it is worthwhile to assess the relevance 
of the present analysis, which is based on laminar flow. Tur- 
bulence may occur in either the jet itself or within the bound- 
ary layer on the cathode. Unfortunately, established results 
for the stability and transition in jets oriented in the present 
configuration are not available. For a thin submerged jet issu- 
ing into an otherwise stagnant fluid, Schlichting (1979) indi- 
cates that laminar flow persists only up to Re = 30. However, 
the present study mainly concerns thick unsubmerged jets, 
and in the experiments of Chin and Agarwal (19911, the jet 
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was believed to be laminar at the stagnation point in the 
Reynolds number range considered of Re = 1,000-7,000. In 
any event, the inviscid solution used in the present study is 
also believed to be a reasonable model for a thick turbulent 
jet. The treatment of the boundary layer is of greater concern 
since Chin and Aganval (1991) observed transition occurring 
somewhere from 4 to 8 jet diameters outboard of the stagna- 
tion point. In principle, this behavior should be accounted 
for, thereby necessitating implementation of some type of 
transition and turbulence models. Due to the global nature 
of the calculation, boundary-layer transition will have an ef- 
fect on the final results; however, it is not believed to have a 
significant influence on predicted electrodeposition rates in 
the impingement zone, especially for situations near the lim- 
iting current. As shown in Figures 6-12, the limiting current 
is first achieved at the impingement point; with increasing 
applied voltage the surface concentration is gradually re- 
duced toward small values outboard. Transition in the 
boundary layer can therefore only result in a limited local 
increase in current and certainly not to be levels achieved in 
the impingement zone. At lower applied voltages, turbulence 
will have a greater impact on the current distribution due to 
the inherent global interaction that occurs between the elec- 
tric field and the hydrodynamic, diffusion, and electrochemi- 
cal layers. 

Notation 
c ,  =concentration of reacting ion 

KPp =applied cell potential 
z = x + iy =complex variable 

i_ =normal coordinate in the diffusion layer (Eq. 29) 
.$ =longitudinal coordinate in the diffusion layer 
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